We study an energy functional on the universal spinor bundle over a closed n-dimensional spin manifold M . The critical points of this functional, which is modelled on the total torsion functional of G 2 -structures in seven dimensions, are pairs of Ricci-flat metrics and real parallel spinor fields provided that n equals 3 or 7. We then modify the functional to obtain the analogue in arbitrary dimensions. Finally we apply the universal spinor bundle approach to solve some ODEs problems concerning G 2 -structures.
Introduction
In [5] Bourguignon and Gauduchon introduced the universal spinor bundle related to a spin manifold in order to understand spinor fields and Dirac operators affected by metric variations. Given a n-dimensional spin manifold and a spin module ∆ n the universal spinor bundle Σ is a fiber bundle over M with fiber modelled on S 2 + (R n ) * × ∆ n , so its sections can be interpreted as pairs of Riemannian metrics and spinor fields.
In [1] Ammann, Weiss and Witt studied the natural energy functional, defined on the space of its sections, given by
In the closed case they proved that the set of its critical points consists of absolute minimizers only: namely parallel spinors of Ricci-flat metrics.
Consequently the problem of finding critical points of E is strictly related to the special holonomy problem of Levi-Civita connections.
In particular the case n = 7 concerns the G 2 -holonomy: metric connectionsw with restricted Holonomy group contained in the seven-dimensional irreducible representation of G 2 , the smallest compact exceptional simple Lie group.
There are several ways to approach the G 2 -geometry: through differential forms ( [6] , [14] , [10] ) or spinor fields ( [9] , [3] , [2] ). Variational problems may be hard to treat with the spin formalism, since deformations of G 2 -structures (in the sense of principal bundles) generically produce deformations of the underlying Riemannian metrics. However, the Bourguignon and Gauduchon's approach consents to deal with this issue.
In analogy with the full torsion functional of G 2 -structures (see [16] or [2] ) we introduce the following:
where T ψ is the (2, 0)-tensor depending on the (real) unit g-spinor field ψ by
X, Y ∈ Γ(M, T M ). Then we prove the following proposition.
Proposition A. For n = 3 or 7 the critical points of E are g-parallel unit spinor fields.
This functional, for n = 7, turns out to coincide with that considered in [16] (up to different torsion conventions) through the equivalence between positive forms ( [14] ) and (projective) spinor fields. In the spinorial setting it was partially studied by the author in [2] , where he considered variations inside a fixed spinor bundle.
Here, for n ≥ 3, we introduce two tensors, denoted by T n and T n−1 , that are able to encode all the information about ∇ g ψ. Precisely the absolute minimizers of the functional E n + E n−1 related to them are always g-parallel unit spinors. These tensors are essentially modelled on T ψ and are constructed to catch all the components of ∇ g ψ inside ψ ⊥ . We obtain the following result.
Proposition B.
The critical points of the energy functional E n + E n−1 are g-parallel unit spinor fields.
Furthermore we study the (negative) gradient Q of E n +E n−1 with respect to the natural L 2 -structure on Γ(M, Σ). As in [1] we find out that the principal symbol of Q is positive definite on the orthogonal complement of its kernel, which coincides with the vector space generated by the tangent action of Diff 0 (M ) on Σ. Moreover the Hessian of E n + E n−1 at any critical point is positive semi-definite. These results are indeed expected due to the equivariance of the functional under spin diffeomorphisms. Consequently, using the Hamilton-De Turk technique ( [12] , [13] , [8] ), we succeed to prove the short-time existence of the gradient flow.
Proposition C.
There exists a positive real number ǫ such that the gradient flow ψ t = Q(ψ t ),
has unique solution in [0, ǫ).
Finally, in the last section, we restricts our attention to the space of G 2 -structures Ω 3 + ⊂ Ω 3 (M ) (n = 7). Precisely we study the relation between the horizontal distribution of Bourguignon and Gauduchon and the invariant distributions on the space Ω 3 + . As expected the horizontal distribution coincides with ω → Ω 3 28 (ω) in Ω 3 + under the equivalence between fundamental three-forms and fundamental spinor fields of G 2 -structures. In particular this last distribution is not integrable. We then deduce the followings. 
sending a metric k into a compatible positive three-form, satisfying B ω (g) = ω and having tangent map
The paper is structured as follows. In Section §1 we review basic definitions, notations and properties about tensor spaces and Spin Geometry.
Later, in Section §2 we introduce the first energy functional. There we study its gradient and we discuss the nature of its critical points.
In Section §3, in analogy with the previous one, we define a new energy functional. We analyse its first variation and prove short-time existence and uniqueness of the relative gradient flow.
Finally, in Section §4, we discuss the relation between the natural connection of Bourguignon and Gauduchon and the invariant distributions on the space of G 2 -structures.
Algebraic setting and Spin Geometry
Let g be the euclidean metric on R n , equipped with its metric volume form vol g = ⋆ g 1, and let SO(n) denote the special orthogonal group. Whenever a basis {e 1 , . . . , e n } of R n is chosen we denote by e 1 , . . . , e n its dual basis. With respect to this choice we write
where we are adopting the Einstein convention. We henceforth identify vectors and one-forms in the tensor spaces
the Riesz isomorphism induced by g. For instance a (2, 0)-tensor T ab can be identified with a (1, 1)-tensor as follows
where g ib denotes the inverse matrix of g ib . The space of alternating r-forms, or simply r-forms, Λ r (R n ) * , is generated by simple elements
Similarly the space of symmetric two-forms S 2 (R n ) * is generated by simple elements
We further denote the open subset of positive definite symmetric two-forms by S 2 + (R n ) * . We will sometimes symmetrise, or skew-symmetrise, a tensor T of type (r, 0). So T (a 1 ...ar) and T [a 1 ...ar] will denote the total symmetrisation and skew-symmmetrisation of T respectively; in coordinates:
We also define the contraction of a vector x with a (2, 0)-tensor T to be the vector defined by
Finally, for our convenience, given a tensor T of type (r + 1, 0) we set
which defines a tensor of type (2, 0) .
Note that al these vector spaces inherits a metric from R n and which, by abuse of notation, we will continue to denote by g.
We now give a brief summary of the Spin Geometry, referring to [15] for all the contents to follow.
Let GL + be the identity component of the general linear group of R n , for n ≥ 3, and let π : GL + → GL its universal covering. As usual we choose SO(n) and its lifting Spin(n) as maximal compact subgroups of GL + and GL + respectively. The polar decomposition directly implies that the Mostov fibrations relatives to GL + and GL + are trivial; furthermore it shows that these two spaces are equivalent 1 to Sym(n) × SO(n) and Sym(n) × Spin(n), where Sym(n) denotes the space of symmetric positive definite endomorphisms on R n and which equivariantly identifies with S 2 + (R n ) * . In particular both GL + and GL + are principal bundles, with structure group Spin(n) and SO(n) respectively, over S 2 + (R n ) * . Moreover any tangent space to GL + , or GL + , turns to be equivalent to S 2 (R n ) * ⊕ so(n), being so(n) the Lie algebra of SO(n). Since each so(n) represents the tangent space to the fiber in the previous fibration, all of them form the vertical distribution. Therefore the union of all the spaces isomorphic to S 2 (R n ) * defines a horizontal distribution H, actually a connection on each bundle. Following [5] we say H the natural connection on GL + , or GL + .
Finally let ∆ n denote a real spin module, whose elements are called spinors. This is a real irreducible module for the action of the real Clifford algebra Cl n , in which Spin(n) naturally embeds. Recall that Cl n , as vector space, can be identified with the Grassmann algebra Λ • (R n ) * ; in particular there is an action of vectors, or one-forms, on ∆ n called the Clifford multiplication. This action, denoted by ·, satisfies the following identity
and turns out to be Spin(n)-invariant. Regarded as a Spin(n)-module ∆ n is irreducible for n = 3, 6, 7 mod(8) whereas, for the other values of n, there is a decomposition into two irreducible modules with the same dimension; they are equivalent if n = 1, 2 mod(8) and inequivalent if not. In any case ∆ n inherits a unique (up to a positive constant on each irreducible module) Spin(n)-invariant scalar product < ., . >, which is compatible with the Clifford multiplication in the following sense
We now pass to the global considerations. Let M be a closed (compact with no boundary), connected, seven-dimensional spin manifold. We choose a spin structure π : P → P on it; in other words we require the existence of the following data: a principal 2 GL + -bundle P over M together with a two-fold covering map over the GL + -principal bundle of oriented frames P compatible with π : GL + → GL. As in [5] we define the universal spinor bundle Σ of M to be
This manifold has a natural structure of vector bundle, with fiber modelled on ∆ n , over S 2 + T * M , the fiber bundle of positive definite symmetric twoforms on M , due to the identification of the last with P/Spin(n). Therefore we can define the natural horizontal distribution to be the distribution generated by the horizontal spaces of the natural connection; this definition makes sense in virtue of the equivariance laws. Note that this distribution does not define a principal connection on P → S 2 + T * M , but a merely partial connection. Indeed T P locally identifies with so(n) × S 2 (R n ) * × R n , where so(n) is the vertical space and S 2 (R n ) * the horizontal one just defined; so, taking x ∈ M , there is no a prescribed way to lift a tangent vector of S 2 + T * M , which is transversal to the fiber over x, to T P. However the horizontal distribution descends to a distribution, again called natural horizontal and denoted by H, on the vector bundle
The vertical distribution of this vector bundle will be denoted by V . Let us observe that any Riemannian metric g on M gives rise to a reduction P g of P with structure group Spin(n), thanks to which we are able to define the associated spinor bundle over M
We consider each Σ g equipped with the real metric < ., . > g , of related pointwise norm |.| g , inherited by ∆ n . Moreover the Levi-Civita connection ∇ g on P g lifts to a metric connection on P g which allows us to define a connection on Σ g . This connection, which we continue to denote ∇ g , turns out to be compatible with < ., . > g and the Clifford multiplication. The composition of Θ : Σ → S 2 + T * M with the natural projection of
defining a structure of fiber bundle over M on Σ, whose fibers are modelled on S 2 + (R n ) * ×∆ n . A (local) section s of this bundle can be therefore thought as a couple (g, ψ) where, for each x ∈ M , g x is a metric in T x M and ψ x is a spinor in Σ g x . Indeed s = [σ, v] for σ ∈ P and v ∈ ∆ n , so g = Θ (s) and ψ = s when considered as a section of Σ g . Conversely a metric g gives rise to a spinor bundle Σ g which embeds in Σ; then a Σ g −valued spinor field ψ defines the desired section s. Properly speaking ψ and s coincide as sections over M , however we use two different symbols to emphasize the dependence on the metric of the first.
Thanks to the vector bundle structure we can identify the vertical distribution with the distribution generated by
On the other hand the horizontal distribution can be explicitly described as follows ([5]). Let s = [σ, v] ∈ Σ and let g t be a curve of metrics with Θ(s) = g 0 andġ 0 = h. With no loss of generality we can choose g t = g 0 + th.
is g t -symmetric and positive-definite; in particular it has a unique g t -symmetric positive-definite square root B g 0 gt ∈ GL(T M ) (whose action turns g 0 into g t ); in coordinates B g 0 gt is simply given by the positive root of (g 0 ) am (g t ) mb . This endomorphism allows us to define a curve in P by lifting B g 0 gt π(σ) starting from σ; let us denote it by B g 0 gt σ. Then it can be shown that the horizontal lifting of g t starting at s ∈ Σ is [ B g 0 gt σ, v]. Moreover if we replace g t = g + th with another curve g ′ t having the same end points and such that (g ′ t ) x lies in the maximal flat subspace containing (g t ) x inside the non-positive curved symmetric space S 2 + T * x M , then the relative horizontal displacements coincide. Therefore we have the following characterization
Note also that the map B g gt is equivariant with respect to the Clifford multiplication, that is
The space of smooth sections S = Γ(M, Σ) is a Fréchet bundle over R = Γ(M, S 2 + T * M ), with vertical distribution V , and carries a connection, inherited by the natural one, with horizontal distribution H ; moreover the subset S 1 = Γ(M, Σ 1 ), where Σ 1 = {(g, ψ) | |ψ| g ≡ 1}, turns to be a Fréchet subbundle of the former. It is clear that the vertical and horizontal distributions are identified with
We finally consider S equipped with the following metric structure: for
where vol g is the metric volume form associated to g and the spin structure.
First energy functional
Recall the notation of the previous section and let M be a closed, connected, n-dimensional spin manifold equipped with a spin structure. Further let g ∈ R and ψ ∈ Γ(M, Σ g ). We define the energy density tensor T ψ of ψ by
the related energy functional E on S 1 by
and the associated gradient Q by
Before studying the functional let us give some definitions, which will be useful later on. We henceforth identify the (2, 0)-tensor (T ψ ) ab with the (1, 1)-tensor (T ψ ) b a by using g. We denote by F ψ the (0, 3)-tensor given by
Finally we set D ψ to be the spinor field
where {e 1 , . . . , e n } is any orthonormal frame.
Remark 2.1. When n = 7 the vector space ∆ 7 turns out to be the (unique) irreducible real spin module and, whenever ψ = 0 has constant length, the energy tensor T ψ represents the full torsion tensor of the G 2 -structure associated to ψ (see [3] ). Moreover if ω denotes the fundamental three-form of the related G 2 -structure then 2F ψ = T ψ ¬ω.
We can then compute the explicit expression of Q at s = (g, ψ) in terms of T ψ , F ψ and D ψ .
Proposition 2.2. According to the decomposition
The terms T ψ , F ψ and D ψ are defined in (1) , (3) and (4) whereas div g denotes the divergence operator, which is the formal adjoint of −∇ g .
Proof. First let us concern about the vertical part. We can consider a variation of s withṡ = (0,ψ): we are keeping the metric g fixed. For simplicity let T = T ψ and ∇ = ∇ g . Then
Fix a orthonormal local frame {e 1 , . . . , e n } near x ∈ M such that (∇ a e b ) x = 0. Let us observe that, at x,
Then contracting this expression with T ab we obtaiṅ
The first term in the right side is the divergence of a globally defined vector field and then vanishes by taking the integral, so it turns out that
We consider g t (for simplicity we omit the dependence on x) to be the curve g 0 + th and s t its horizontal lifting with s 0 = s. With no loss of generality assume t ∈ [0, 1] and set e 0 = dt. Following [1] and adopting the notation therein we introduce the cylinder C = [0, 1] × M equipped with the Riemannian metric G = dt 2 + g t . The cylinder inherits a spin structure from those of M and [0, 1], so G defines a spinor bundle Σ G on C. There are embeddings Σ gt ⊆ Σ G but the Clifford multiplications · on Σ gt and · G on Σ G do not agree:
The introduction of C allows us to characterize the horizontal lifting. Indeed the parallel transport with respect to ∇ G from Σ g 0 to Σ gt coincides with the parallel displacement along g t with respect to the natural connection. The first variation of E at s, evaluated atṡ, is
First we study the first term on the right side.
Fix a orthonormal frame {e 1 , . . . , e n } near x ∈ M satisfying ∇ g 0 e j = 0 and extend it to C by requiring ∇ G e 0 e j = 0: then {e 0 , . . . , e n } is a local orthonormal frame around (0, x) ∈ C and ∇ G 0 (e a · ϕ) = e a · ∇ G 0 ϕ for any a > 0 and spinor field ϕ. The covariant derivative of (
was computed in [1] (Formula 12) and it turns out to be
where W k a = −(1/2)h k a is the shape operator associated to {0} × M ⊂ C. Therefore, writing T for T ψ and ∇ for ∇ g 0 ,
Contracting the previous expression with T ab , and recalling that
Finally, since
it turns out that
Then, taking into account (5) and (6), we find out that
Remark 2.3.
Comparing the expression of Q v with that obtained in [2] for n = 7, we find out that, in such setting, D ψ (ψ) = 0 for |ψ| g = 1 whence
then it has trivial energy tensor T ψ , whence (7) 
where in the second equality we have used B = λ −1 Id. As consequence we obtain
It then follows that, being λ n vol g = vol λ 2 g , 
Higher order energy tensors
Let g ∈ R. If ψ ∈ Γ(M, Σ g ) is a non-zero spinor field of constant length then, for any X ∈ Γ(M, T M ), ∇ g X ψ is orthogonal to ψ; that is ∇ X ψ ∈ ψ ⊥ . This follows from the compatibility condition of the spin connection ∇ g with the real metric < ., .
On the other hand the skew-symmetry of the Clifford multiplication implies that
This means that we can embed
It is remarkable that ψ ⊥ = T M g ψ if and only if n = 3, 7; giving T ψ ∼ = ∇ g ψ. Generically, instead, the energy tensor T ψ fails to encode all the information about ∇ g ψ.
Corollary 3.1. For n = 3 or 7 the critical points of E are couples (g, ψ)
with Ricci-flat g and unit parallel ψ.
However, for any n ≥ 3, we can define some higher order tensors to catch all ∇ g ψ. To this aim let us consider the family of tensors {T r } r=1,...,n defined by
Observe that, since ψ never vanishes, the family of spinor fields {X 1 · . . . · X r · ψ} generates, over C ∞ (M, R), the space of section Γ(M, Σ g ) (see Lemma 3.2 for details). Therefore ∇ g ψ = 0 if and only if T r = 0 for any 1 ≤ r ≤ n. More precisely the following holds.
Lemma 3.2.
The followings are equivalent:
2. T r = 0 for any 1 ≤ r ≤ n;
Proof. It is clear that (1) implies (2) and (3). Let us prove the converse. Assume T r = 0 for any r and take x ∈ M . For simplicity we suppose that ∆ n is irreducible. The Clifford algebra Cl attached to (T x M, g x ) is naturally isomorphic (as vector space) to the Grassmann algebra Λ • T x M ; in particular the algebra of the spin representation is generated by
or, equivalently, by
Therefore, by irreducibility, the span of {X 1 · . . . · X r · ψ x } is the whole Σ g x , whence ∇ g ψ = 0. If ∆ n is reducible, that is ∆ n = ∆ + n ⊕ ∆ − n , then the claim follows by observing that the odd elements like X 1 · . . . · X 2r+1 · turn one irreducible module into the other.
It remains to prove that (3) implies (2), so let us assume T r = 0 for r = n − 1, n. Take x ∈ M and let X be a vector field which has constant length 1 near x. Then, for r ≥ 3 and thanks to the symmetries of the Clifford multiplication, we can contract each T r with −X ⊗ X so that the contracted T r equals T r−2 near x. Therefore if T n−1 and T n are zero everywhere then all the others must vanish as well.
With the previous lemma in mind we define the family of functionals {E r } r=1,...,n on Σ by
The following proposition then holds. on E 1 is just the multiplication by λ n+4 . It is straightforward to check that each E r changes by a factor of λ n+2+2r . Therefore any critical point s has to be an absolute minimizer of E n−1 + E n , so T n−1 and T n identically vanish and the Lemma 3.2 applies.
With analogy to (3) and (4), for s = (g, ψ) ∈ S 1 and r = n − 1, n, we define
and
where {e 1 , . . . , e n } is a g-orthonormal frame.
Proposition 3.4.
The gradient Q of E n−1 +E n at s = (g, ψ) ∈ S 1 , according to the decomposition V s ⊕ H s and formulas (8) , (10) and (11), is given by
Proof. The proof is analogous to that of Proposition 2.2, keeping attention to the new definitions of T ψ , F ψ and D ψ .
Proposition 3.5. The Hessian of E
Proof. Letṡ = (h, ϕ) and take a positive real number ε > 0such that g+th is positive definite for |t| < ε. As usual we introduce the Cylinder (−ε, ε) × M equipped with the Riemannian metric dt 2 + (g + th) and the Levi-Civita connection
Then we observe that the first variation of each E r at s, evaluated atṡ, is
Finally, since any critical point has to satisfy T r = 0, we derive that
and the proposition follows. 
Proof. We have to compute the linearisation of P v = div g T n ·ψ+div g T n−1 ·ψ, as it expresses the leading order term of Q v . First assume that the variation is along the vertical directions. A straightforward computations shows that, using orthonormal frames,
From now on let us write ψ α and ψ β for e a 1 · . . . · e an · ψ and
where α = (a 1 . . . , a n ) and β = (b 1 , . . . , b n ) are multi indices. The set {ψ α , ψ β } is a generating set of the spin module, but not a basis, at any point of M . The principal symbol of DP v at some non-zero tangent vector ξ is
which, contracted withψ, gives
In general, for arbitrary variations, we have (Lemma 4.12 in
and a similar expression for T n−1 . The principal symbol turns out to be
Taking into account the expression of T n−1 and contracting withψ we obtain
On the other hand we have to evaluate the linearisation of
which is the leading order term of Q h . We first consider F = F n ; for F n−1 counts are analogous. We have
In analogy with the divergence of T it turns out that
Taking the principal symbol we find
Finally, contracting this expression withġ, it results
Summarizing we have found
We claim that the kernel of the symbol coincides with the vector space N defined in (14) . To prove the claim take (ġ,ψ) in the kernel. Then, by (15) , it must be 1/4ξ ∧ (ξ¬ġ) · ψ + |ξ| 2ψ = 0, so, defining v to be |ξ| −2 ξ¬ġ, we obtain the second equation. Then, sincė
for any 1 ≤ i, j ≤ n. Assume |ξ| = 1 and choose a orthonormal frame with ξ = e 1 . Then we have
Multiplying forġ ij and summing over i gives
or equivalently e 1 ∧ (e j ¬ġ) = 0, 1 < j ≤ n, that isġ = j λ j (e 1 ⊗ e j + e j ⊗ e 1 ) for λ j ∈ R. Finally, since v = e 1 ¬ġ, it follows that v = j λ j e j andġ = 2ξ ⊙ v; this proves Ker ⊆ N . To show N ⊆ Ker take (ġ,ψ) ∈ N and ξ = e 1 as above. Then the vanishing of the vertical part (15) is evident, as well as the left side of (18) for j > 1 and
which is manifestly zero. Proof. In the Lemma 3.6 we have seen that the kernel is given by (14) . Let (ġ,ψ) be a non-zero element orthogonal to it. We claim that ξ ∧ (ġ¬ξ) = 0. Otherwise, putting v =ġ¬ξ, we would haveġ(ξ, v) = 0, whence g(ġ, ξ ⊙ v) = 0: a contradiction. Then setting ξ ∧ (ġ¬ξ) = 0 in (17) we find out that
Finally choosing a orthonormal frame in whichġ has diagonal form we see that σ ξ (DQ s )(ġ,ψ) > c|ξ| 2 |ψ| 2 |ġ| 2 for some c > 0.
The situation here is identical to that found in [1] , or in other settings as in [11] , [13] and [4] . Precisely the operator DQ s turns out to be strongly elliptic in certain directions only. The existence of degenerate directions is due to the presence of symmetries of the energy functional, and then of its gradient. Indeed the universal covering group Diff 0 (M ) of the connected component of the full diffeomorphism group Diff 0 (M) has a natural action on P, hence on Σ 1 , which preserves the fibers and lifts the action on S 2 + T * M ; so the corresponding tangent action must generates a non-trivial space of degenerate directions; actually all them (as we are going to see).
Given a vector field X ∈ Γ(M, T M ) with flow f t we consider the group action (f t ) * on P and (f t ) * on P, obtained by lifting (f t ) * from the identity map. Then X acts on Σ 1 by
Lemma 3.8 ([5]). According to the decomposition
where L X and dX denote the Lie derivative with respect to X and the exterior derivative of the g-dual of X respectively.
A simple computation shows that the symbol of the linearisation of X → L X s at a tangent vector ξ is
which is exactly the kernel of σ ξ D s Q, described by (14) . In these circumstances we can apply the Hamilton and De Turk technique ( [8] ) to break the (spin) diffeomorphism equivariance of Q, and then define a genuine (non-linear) strongly elliptic second order differential operator. This operator, obtained by adding a suitable Lie derivative to Q, will allow us to prove the short-time existence of the gradient flow. Concretely we proceed as follows. Keeping in mind Formula (19) let s be a section of Σ 1 and let us suppose X to be a vector field depending linearly on the first derivatives of s = (g, ψ). We demand whether there exists such a X for which the linear operator X = DQ s + DL X s has positive definite symbol at ξ. By (19) we have
On the other hand, by (17), it is
Note that each ψ γ has norm one. The previous sum is then greater or equal than
where the third term comes from the Cauchy-Schwarz inequality. Therefore, setting c n = γ 1 = n n + n n−1 , we find out that
This expression is certainly positive 3 provided that 2c n ξ¬ġ =Ẋ: indeed we would haveġ(ξ,Ẋ) = 2c n |ξ¬ġ| 2 and |ξ ∧Ẋ · ψ| − 2c n |ξ ∧ (ξ¬ġ) · ψ| = 0; also note that the sum |ξ¬ġ| 2 + γ j < ξ ∧ (e j ¬ġ) · ψ, ψ γ > 2 is zero if and only ifġ = 0. Finally, in order to show the existence of one vector field satisfying 2c n ξ¬ġ =Ẋ, we choose an arbitrary Riemannian metricḡ and then define X(s) = 2c n divḡg.
We have then proved the following lemma.
Lemma 3.9. Letḡ be a Riemannian metric and let ξ be a tangent vector. Further let us consider the differential operator Consequently we obtain the short-time existence of the relative flow: 
has a unique solution, living in
Proof. The proof exactly realizes as in [7] , [10] and [4] (which are all inspired by [13] ). First we observe that, despite S 1 is not a vector bundle over M , it is a Fréchet manifold. In particular we can trivialise an open neighbourhood U 0 of s = (g, ψ) and identify it, thanks to the horizontal distribution, to a neighbourhood of the zero section of W = S 2 T * M ⊕ ψ ⊥ . Then we can consider Q as a map between vector bundles, hence Fréchet spaces. Let U denote the space of time-dependent sections lying in U 0 , and choose T > 0. The main idea of the proof is to consider the locally defined map between Fréchet spaces
The spaces Γ(M × [0, T ], W ) and Γ(M, W ) can be equipped with a tame Fréchet structure for which F turns to be a smooth tame Fréchet map (see [12] ). Furthermore, for any u ∈ U , the tangent map DF u represents a linear parabolic PDEs system by Lemma 3.9. The standard PDE theory then ensures the existence, uniqueness and L 2 k -estimates for its solutions. In the language of tame Fréchet spaces these properties are equivalent to the smooth tameness of the family of inverses DF −1 u ( [7] ). These are exactly the hypothesis of the inverse function theorem for Fréchet spaces ( [12] ), which therefore applies to show the local invertibility and smooth tameness of F −1 . Now we choose a time-dependent sections t such that its formal power series at t = 0 solves the initial value flow equation at that time. Then we set (f t , s 0 ) = F (s t ) and choose ǫ > 0. Since any time derivative off t vanishes at t = 0 we can define another smooth section f t satisfying f t = 0 for t < ǫ and f t =f t−ǫ for t ≥ ǫ. Provided that ǫ is small the section f t will be close tof t with respect to the Fréchet structure. We can then define the section s t = F −1 (f t , s 0 ). By definition this section satisfiesṡ t − Q(s t ) = f t , which identically vanishes in [0, ǫ). Consequently s t is the unique solution to Equation (20) for t ∈ [0, ǫ).
Finally we can derive the short-time existence of the gradient flow. 
Proof. Let us consider a solutions t of the initial value problem (20) with s 0 = s, which exists by Lemma 3.10. We can integrate the one-parameter family of vector fields X(t) = 2n n−1 (n + 1)divḡΘ(s t ) to a one-parameter family of diffeomorphisms f t of M by solving the standard ODE
We claim that the section s t = (f t ) * (s t ) solves (22). To prove this let us compute the time derivative of s t , since the initial condition is straightforwardly satisfied. Taking into account the definition of Q and the diffeomorphism equivariance of Q we get
and the claim follows.
Finally we can affirm that s t is the unique solution because, by reversing the procedure, any other solutionŝ t of (22) gives rise to a solution of (20), which has to coincide withs t . Then alsoŝ t will coincide with s t .
Seven dimensions
For the rest of the section let us assume n = 7. Recall that a G 2 -structure on a seven-dimensional spin manifold M is a reduction F of P with structure group G 2 , the connected compact simple Lie group with Lie algebra g 2 . This datum is equivalent (see [6] and many others) to the choice of a Riemannian metric g and a unit spinor field ψ ∈ Γ(M, Σ g ) (up to a sign). Therefore S 1 /Z 2 can be interpreted as the space of G 2 -structures over M .
It turns out that a G 2 -structure is uniquely determined by a certain three-form ω ∈ Ω 3 (M ), called the fundamental three-form of the structure, defined as
often, to highlight the dependence of the metric g by the three-form ω, we write g = g ω and we say that g is compatible with ω. The subset Λ 3 + of Λ 3 T * M of those elements that are pointwise GL-equivalent to (23) The map Ω then is a two-fold covering of Σ 1 onto Λ 3 + . In particular we can read the vertical and horizontal distributions on Λ 3 + . Precisely let
for any ϕ ∈ ψ ⊥ there exists a unique vector X ϕ of length 1 such that ϕ = X ϕ · ψ and vice-versa. Thus the image of V s turns out to be Λ 3 7 (ω) = {X¬ω | X ∈ (T x M ) 1 } ; indeed the variations of ω in Λ 3 7 (ω) do not perturb the metric and it is well known to be totally integrable with leaves given by structures with the same underlying metric (see [6] , Formula 3.5, or [2] , Lemma 3.2).
On the other hand there is an obvious candidate for the image of the horizontal distribution. Indeed there exists a G 2 -equivariant injective map (see for instance [6] )
whose image Λ 3 28 (ω) is complementary to Λ 3 7 (ω). Actually this family corresponds to the horizontal distribution. In particular this distribution is not integrable. Furthermore if (g t , ψ t ) is a horizontal curve in Σ 1 then ω t = Ω(g t , ψ t ) has velocity 3/2i ωt (ġ t ).
Proof. Let x ∈ M , g be a metric on T x M , {e 1 , . . . , e 7 } be a orthonormal frame at x. Further let us assume ψ ∈ Σ g x to be a unit spinor. Take h ∈ S 2 T * x M and define g t = g + th for small values of t ∈ R. We apply the generalized cylinder calculus as in the proof of Proposition 2.2. Let (g t , ψ t ) be the horizontal lifting of g t on Σ 1 . Denote by e 0,t the unit tangent vector to the cylinder given by the time derivative. As usual we extend e 1 , . . . , e 7 to vector fields e 1,t , . . . , e 7,t on the time line by requiring ∇ G e 0,t e a,t = 0. The fundamental three-form ω t relative to (g t , ψ t ) is given by (ω t ) abc = < e a,t · e b,t · e c,t · ψ t , ψ t >=< e 0,t · G e a,t · G e b,t · G e c,t · G ψ t , ψ t > .
Taking the covariant derivative we find ∇ G e 0,0 ω t = 0. This expression can be expanded to get 0 = ∇ The lemma then follows.
As consequence we obtain the following corollary. [10] ), we obtain the claimed formula for
By combining these two results we immediately obtain the following corollary. 
